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Abstract

The present work Is based on Physics-Informed
Neural Networks (PINNs). This methodology
focuses on approximating a solution by solving
Initial and boundary value problems defined by
ordinary differential equations (ODEs) and partial
differential equations (PDESs). This idea, originally
proposed In the 1990s by Lagaris et al., integrates
knowledge of physical laws directly Iinto the
training process of artificial neural networks
(ANNS).

The main objective Is to construct a test solution
to the differential equation consisting of two parts:
the first satisfies the initial or boundary conditions
and contains no adjustable parameters, while the
second Is a neural network that does not affect
these conditions, with the ANN trained to satisfy
the differential equation itself. This approach
transforms a constrained optimization problem
(imposed by the boundary conditions) into an
unconstrained one.

PINN’s can solve differential equations expressed, in
the most general form, like:

F(u(z),y) =f(z) z€Q :

G(u(z)) = g(z) z € 0Q :

The goal Is to predict the solution u(z) of the DE by |
Implementing a NN, giving rise to an approximation |
u(z) = g (2) |

The NN approximates the solution by searching for
parameters, minimizing a loss function.
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Figure 2. Loss function depends on the differential
equations Ly, the boundary conditions Lz and £, loss of
data that may be know

Motivation

Many scientific and engineering applications
require the solution of PDEs to describe physical
phenomena. Applications can be found Iin the
flelds of aerodynamics, geophysics, biophysics,
combustion, among others. In some exceptional
cases, an analytical solution for PDEs exists, but
In the vast majority of applications, some type of
numerical approximation is required. In this work,
we propose an alternative using PINNs as an
approximation function for PDEs. Unlike
traditional numerical methods, NNs have the
property of being able to approximate any function
with sufficient parameters.

Furthermore, these solutions are continuous and
derivable throughout the domain, so they do not

require discretization.
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Figure 1.

Introducing appropriate observational, inductive or learning biases
that can steer the learning process towards identifying physical
consistent solutions

to

The objetive is to solve a PDE in the general
form:

xX €D

G (x, % (x), Vi (x), V4 (x)) = 0,

The problem becomes minimizing the error at
these points:

main Z (G(xi, ll)t(xi; 9); Vll)t(xi! 9)1 Vzlpt(xi! 9)))
X{€D

Where y;(x;,0) it is a test solution parameterized
by 6 (the weights of the neuronal network ).

For Poisson’s equation in 2D:

Vap(x,y) = f(x,y)

With boundary conditions:

lp(x 1) _ (x) and {1/)(0,)/) — fO(y)
) — J1

1/)(1,)/) — fl(y)

The test solution Is

Ye(x,y) = Alx,y) +x(1 —x)y(1 —y)N(x,y,0)

For the mathematical model that represent the
uniform heat distribution in metal rod T(x), given by
the differential equation:

dT
k 2
dx

+qg(x) =0, x €[0,1].

ly
With q(x) =15x—2,k=05and T(0) =T(1) = 0.

The general (preliminary) objective of the work is
to design a PINN to approximate the solution of a
nonlinear PDE.

To adapt the problem to a PINN, a loss function is
designed that collects the points within the domain
and the initial conditions.

NN (z,t,8)

/.-"-

Automatic Differentiation \

W Preliminary results

We consider boundry value problems with Dirichlet
and Neuman BC's.

VW (x,y) = e *(x — 2+ y3 + 6y)

With x,y € [0,1] and W(0,y) = y3,¥(1,y) = (1 + y3),
Y(x,0) =xe*and Y(x,1) =e*(x+ 1)

Approximate solution for the neural network Exact solution to the differential equation
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Figure 3. PINN blocks to solve the heat diffusion equation.
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