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ABSTRACT
This work presents the application of neural networks
for solving partial differential equations (PDEs) using
classical approaches proposed by Raissi and Lagaris,
including sub-network and sub-domain methods intro-
duced by Jagtap that leverage parallel computing. How-
ever, these methods exhibit causality issues in high-
dimensional settings. Consequently, this work pro-
poses a temporal discretization-based Neural Networks
solution and applies it to the Glioblastoma Proliferation-
Invasion Model.

INTRODUCTION
Mesh-based or mesh-free numerical methods are
widely used for solving PDEs. Neural Networks are
mesh-free numerical option [4].

PROBLEM STATEMENT

Given a linear, homogeneous, second-order, evolu-
tionary physical, biological or financial differential
equation of high dimension. Find a neural network
uθ : Rn → Rm and a loss function L(x, θ, U), where
θ represents the network parameters and U are the
conserved quantities of the system. The pair (uθ,L)
should demonstrate performance close to that of tradi-
tional methods and mesh-free methods.

OBJECTIVE

Design PINNs with intrinsic information for solving
second-order, evolutionary, homogeneous, and high-
dimensional PDEs from physical, biological and finan-
cial problems, achieving performance similar to tradi-
tional mesh-based and mesh-free methods.

METHODOLOGY

PREVIOUS PERIOD RESULTS

Neural Network’s approach for PDE solutions
Approach Loss Function

Lagaris
ut = A(x) +B(x)uθ ≈ u

L =
∑

|Dn[ut]− f (x, ut)|2

Raissi
uθ ≈ u;

L =
∑

|uθ(xpde)− F (xpde)|2 +
∑

|uθ(xbc)− ∂ω|2

cPINN Lp = Lp
pde + Lp

bc + Lp
av + Lp

flux

xPINN Lp = Lp
pde + Lp

bc + Lp
av + Lp

int

XPINN IMPLEMENTATION: 1D BURGER EQUATION

∂u(x, t)

∂t
+ u(x, t)

∂u(x, t)

∂x
= ν

∂2u(x, t)

∂x2
, ν =

0.01

π
with x ∈ [−1, 1], t > 0, boundary conditions
u(−1, t) = u(1, t) = 0, and initial condition
u(x, 0) = − sin(πx).

Current Results

CAUSALITY PROBLEM FOR PINNS

The minimization of loss function Lpde should be
based on the correct prediction of causal continu-
ity of the network u, but usual loss function minimize
Lpde for all points simultaneously, even if prediction
at ti are incorrect:

Lpde =
1

Nx

Nx∑
j=1

∣∣∣∣∂uθ∂t
(t, xj) +N [uθ](t, xj)

∣∣∣∣2
=

1

NxNt

Nt∑
i=1

Nx∑
j=1

∣∣∣∣∂uθ∂t
(ti, xj) +N [uθ](ti, xj)

∣∣∣∣2
Discretizing using the foward Euler scheme. For any
1 < i < Nt − 1:

Lr(ti, θ) ≈
1

Nx

Nx∑
j=1

| uθ(ti, xj)− uθ(ti−1, xj)

∆t
+N [uθ](ti, xj)|2

≈ 1

t2Ω

∫
Ω

|uθ(ti, x)− uθ(ti−1, x) + ∆tN [uθ](ti, x)||2 dx

GLIOBLASTOMA PROLIFERATION-INVATION MODEL

∂C(x, y, t)

∂t
= D

(
∂2C(x, y, t)

∂x2
+
∂2C(x, y, t)

∂y2

)
+ rC(x, y, t)

(
1− C(x, y, t)

k

)
with x ∈ [0, 200], y ∈ [0, 200], t ∈ [0, 100], D = 0.3,
r = 0.002, and k = 1000.
Boundary conditions: C(0, y, t) = C(200, y, t) =
C(x, 0, t) = C(x, 200, t) = 0
Initial condition: C(x, y, 0) = 4000 for (x, y) ∈
[40, 160]× [40, 160].

CRANK-NICOLSON NUMERICAL SOLUTION

PINN AND XPINN CAUSAL PROBLEMS FOR INITIAL

CONDITIONS

Raissi Approach Implementation:
• pde points (x,y,t) with x ∈
(0, 200), y ∈ (0, 200) and
t ∈ (0, 100)

• bc points (0,y,t), (200,y,t),
(x,0,t), (x, 200, t), with x ∈
[0, 200] and y ∈ [0, 200]

• ic point (x,y,0) with 40 <
x < 160 and 40 < y < 160

• Loss function:

L =
∑

|F [uθ(xpde)]|2 +
∑

|uθ(xbc)|2

+
∑

|uθ(xic)− 1|2

xPINN implementation:
Option 1

• Interior network’s domain:
x ∈ [0, 200], y ∈ [0, 200], t ∈
[0, 5]

• Exterior networks domain:
x ∈ [0, 200], y ∈ [0, 200], t ∈
(5, 100]

Option 2:

TIME STEPPING FOR CAUSALITY SOLUTION
Time discretization, normalization and adimension-
alization for Glioblastoma proliferation - Invation
model:

F [u] ≡ ui−ui−1−αdτ̂

(
∂2ui−1

∂x̂2
+
∂2ui−1

∂ŷ2

)
−dτ̂ui−1(1−ui−1)

with α = 0.00375. x̂ ∈ [0, 1], y ∈ [0, 1], τ̂ = rt, dτ̂ =
0.0002
For each time step, the Time Stepping loss function
is:

L =
∑

|F [u]|2 + Lbc

SCHEDULE
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